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Abstract

Energy Packet Networks (EPNs) model the interaction between renewable sources generating energy fol-
lowing a random process and communication devices that consume energy. This network is formed by cells
and, in each cell, there is a queue that handles energy packets and another queue that handles data packets.
We assume Poisson arrivals of energy packets and of data packets to all the cells and exponential service
times. We consider an EPN model with a dynamic load balancing where a cell without data packets can
poll other cells to migrate jobs. This migration can only take place when there is enough energy in both
interacting cells, in which case a batch of data packets is transferred and the required energy is consumed
(i.e. it disappears). We consider that data packet also consume energy to be routed to the next station.
Our main result shows that the steady-state distribution of jobs in the queues admits a product form so-
lution provided that a stable solution of a fixed point equation exists. We prove sufficient conditions for
irreducibility. Under these conditions and when the fixed point equation has a solution, the Markov chain
is ergodic. We also provide sufficient conditions for the existence of a solution of the fixed point equation.
We then focus on layered networks and we study the polling rates that must be set to achieve a fair load
balancing, i.e., such that, in the same layer, the load of the queues handling data packets is the same. Our
numerical experiments illustrate that dynamic load balancing satisfies several interesting properties such as
performance improvement or fair load balancing.
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1. Introduction

We are interested in analyzing a queueing network with dynamic load balancing. In these systems, jobs
can migrate from one queue to another. This technique provides a good solution for distributed systems where
the goal consists of achieving a fair workload distribution. Another advantage of dynamic load balancing is
given when some queues are in the heavy-traffic regime, in which case migration of jobs can lead to reduce
the load of these queues, which clearly improves the performance of the system. Dynamic load balancing
techniques can be classified in two groups: receiver-initiated load balancing where an idle queue requests jobs

to the rest of the queues, and sender-initiated load balancing where the queues transfer jobs when they are
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overloaded. The authors in [1] show that, in the heavy-traffic regime, the receiver-initiated load balancing
performs better than the sender-initiated load balancing. This finding was also confirmed in a more recent
work [2].

Receiver-initiated load balancing techniques are also known as work-stealing strategies in the literature
and have been widely studied so far. For instance, in the context of parallel server systems, [3, 4] study
work-stealing strategies using the mean field approach and [5] formulate the problem of optimal migration of
low-priority jobs as a restless multiarmed bandit problem. In [6], a job is moved to an idle queue when the
sender has more than a fixed threshold value of jobs. A closer related work to ours is [7] where the authors
consider a queueing network with Poisson arrivals and exponential services times that operates under the
received-initiated load balancing technique. More precisely, they consider that, when a queue gets empty, it
polls another queue (which they call the sender queue) with an exponential time and brings a batch of jobs
whose size is geometrically distributed and bounded by the number of jobs of the sender queue. Their main
result shows that the steady-state distribution of packets in the queues has a product form expression. To the
best of our knowledge, [7] is the first one to obtain a product-form solution for the steady-state distribution
of networks with receiver-initiated load balancing.

The devices that form the modern communications systems consume energy. This energy comes often
from renewable energy sources, which are clearly very volatile and introduce a high uncertainty about the
amount of energy available in the network. As a result, several research works have been recently proposed
queueing models that incorporate energy consumption of the queues and consider that the energy arrives
to the system according to a random process. An example of these models is the Energy Packet Network
(EPN) model, which has been introduced by Gelenbe and his colleagues in [8, 9, 10]. This model considers
that energy is represented by packets of discrete units of energy, which we call Energy Packets (EPs), and
the workload packets, which are called as Data Packets (DPs), are transmitted to the next station only when
there is available energy. Thus, the network is divided in cells and, in each cell, there is a queue that handles
EPs and another queue handling DPs. Most of the EPN models that have been explored in the literature are
particular cases of G-networks [11, 12, 13|, with a notable exception being [14] based on a Brownian motion
model. Therefore, the known product-form results for G-networks extend to EPN models. There has been a
recent interest of researchers in this field to analyze queueing models whose steady-state distribution of jobs
has a product solution by including energy consumption using the EPN model, see [15] for a recent survey
of EPN models.

In this article, we consider an EPN model where the DP queues start the transfer. This means that,
when a DP ends service in a cell, it is sent to the EP queue of the same cell and it is transferred to the
next cell if there are enough EPs, in which case the required number of EPs disappear. The main difference
of our work with respect to the previously studied EPN models is that we consider that a load balancing
of a batch DPs to moved from one cell to another as in [7]. However, in [7], the authors do not consider

energy consumption. Therefore, in this work, we define how energy needs to be consumed for a successful



load balancing. In fact, we consider that the load balancing is only successful when there are one EP in the
polling cell (i.e., the cell that initiates the load balancing protocol) and a batch of EPs in the sender cell.

The main contributions of this work are summarized as follows:

e We show that the steady-state distribution of jobs in the queues of this model admits a product form
solution provided that a stable solution of a fixed point equation exists. We give sufficient conditions
under which the Markov chain is ergodic. We also provide sufficient conditions for the existence of the

fixed point problem.

e We then focus on a layered network and we determine how the polling rates can be set so as to achieve

load balancing in each layer, i.e., to equalize the load of all the DP queues of the same layer.

e Finally, we illustrate using numerical experiments that the load balancing technique we consider in
this work has an important property that consists of improving the performance of the system by
decreasing the load of the queues that are close to saturation. We also study numerically how the

polling rate of layered networks can be computed.

The technical part of the paper is as follows. In Section 2, we present the model of an Energy Packet
Network with load balancing as well as the network topology that we consider. Then in Section 3, we focus
on a general network and prove the existence of a product form expression for the steady-state distribution
of packets in the queues, analyze its ergodicity and provide sufficient conditions under which a solution of
the fixed point equation exists. Section 4 is devoted to the analyze the parameters that ensure a fair load
balancing in layered networks. Then in Section 5, we present some numerical examples to illustrate the main

features of the model. In Section 6, we present the main conclusions of our work.

2. Model Description

2.1. The EPN model

We consider an EPN model with N cells. Cell ¢ has two queues: one of them handles the DPs (DP queue
i), whereas the other queue handles the EPs (EP queue 7). We assume that DPs and EPs arrive to cell
1 following a Poisson process with rate \; and «;, respectively, with ¢ = 1,..., N. We also assume that a
leakage of a EP at cell ¢ occurs with exponential time with rate §;, for: =1,... N.

We consider an EPN model in which DPs start the transfer and such that ¢; EPs are required for a
successful transfer to the next cell. More precisely, we assume that DPs are served at DP queue i following
an exponential distribution with rate u;, for i = 1,..., N. When a DP ends service at cell i, it is sent to EP
queue i and if there are less than ¢; EPs, the DP is lost and EP queue ¢ gets empty. Otherwise, (i.e., if a DP
ends service at cell i where there are, at least, ¢; EPs at cell 7), the DP is routed to cell j with probability
P(i,j) and ¢; EPs disappear from EP queue i. Hence, we have that for all 4, Zjv:l P(i,j) = 1. We also
assume that a DP at cell i leaves the system after an exponential service time with rate §; and does not

require energy.



2.2. Load Balancing with Energy Consumption

We consider in this EPN model a load balancing technique with energy consumption. It consists of a
generalization to Energy Packet Networks of the model in [7] where the load balancing is based on polling.
Thus, we assume, as in [7], that cell ¢ initiates the polling protocol to get DPs from cell j with exponential
time with rate 7; ;. Furthermore, in this work, we assume that the load balancing consumes energy on both
cells involved in the load balancing (note that the model of [7] does not consider energy consumption). We
denote by AE? the probability that k& EPs at cell j are needed to carry out load balancing initiated from
cell ¢ (i.e. with probability AE? k EPs are consumed when the load balancing to move DPs from cell j to
cell ¢ is successful), where k = 0,1,2,.... We assume that for all ¢ and 7, Zkzo AE? =1, AZ(-f)j) # 1 and
dopk AZ(.? < 0.

In our model, the load balancing takes place if the following conditions are satisfied in order:
(COND1) There is at least one EP at cell i.
(COND2) There are at least k EPs at cell j.
(COND3) DP queue i is empty.

When the load balancing protocol gets activated, it first checks that (COND1) is satisfied. In the positive
case, (COND2) establishes a second condition for the activation of the load balancing. In case (CONDZ2) is
not verified (i.e., if there is not enough energy at EP queue j), EP queue j gets empty and one EP at cell
i disappears. When (COND1) and (COND2) are verified, (COND3) is the last condition to check, which
consists of verifying that DP queue i is empty. If (COND3) is not satisfied, one EP of cell i and k EPs
of cell j disappear. On the other hand, if (COND1), (COND2) and (COND3) are met, the load balancing
operation initiated by cell ¢ provokes a transfer of a batch of DPs from cell j to cell ¢, which requires 1 EP at
cell i and k EPs at cell j. The number of DPs that are transferred from cell j to cell ¢ follows a distribution
denoted by B; ; which will be defined later.

In Figure 1, we represent four out of all the situations that can arise in a network with two cells. We
depict the DPs as grey boxes, whereas the EPs as white boxes. Therefore, the queues containing white boxes
are the EP queues and the queues containing grey boxes are the DP queues. We consider that the cell on
the right polls for DPs to the cell on the left and also that the cell on the left sends DPs through routing.
A successful load balancing and routing are only achieved for the case illustrated in (d). In fact, the load
balancing occurs since (COND1), (COND2) and (CONDS3) are satisfied (there are EPs in the sender and
receiver cells and the receiver DP queue is empty) and the routing is also successful since there are enough
EPs in the left cell. In the rest of the cases, load balancing or the routing does not occur for different reasons.
The caption of each figure presents the reason why the transfer (load balancing and/or routing) fails. In the
case of (a), the routing cannot be done since there are not EPs in the left cell, whereas the load balancing is
not successful since (COND1) is satisfied but (CONDZ2) is not. In the case of (b), the DP queue of the left

cell is empty and, therefore, there are no DPs to transfer due to routing and due to load balancing. This



means that even if (COND1) and (COND2) are satisfied, we cannot transfer the DPs due to load balancing

because the left cell is empty. In the case of (c), we observe that the routing is successful since there are

DPs and EPs in the left cell, but the load balancing fails since the DP queue of the receiver is not empty,
e., (COND3) is not satisfied.
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Figure 1: The cell on the right polls for DPs the cell on the left. The solid blue arrow represents the interaction due to routing,

whereas the green dotted arrow of load balancing.

Remark 1. We would like to remark that the activation process for the load balancing is a new type of
Domino synchronization which generalizes the ones studied in [16]. We would also emphasize that the model
under study in this article differs with respect to [7] since in our model the load balancing requires energy.
In other words, if there is not enough energy on both cells, the load balancing does not take place.
Regarding the conditions that the load balancing protocol must verify, we notice that the ordering of
(COND1) and (CONDZ2) can be changed and the main result of this article, i.e., the existence of a product
form expression of the steady-state distribution of the packets in the queues, is mantained. However, we have

not been able to keep this property when (CONDS3) is verified first.

Let B; ;j(X;) be the batch distribution of DPs that migrate due to load balancing from cell j to cell ¢
after a polling by cell ¢ when there are X; DPs at cell j. Let p; (resp. p;) be the DP load at cell i (resp.

cell 7). We now present the following assumption that will be useful to prove our main result.

Assumption 1. B, ;(X;) is a truncated geometric with rate b; ;, where b; ; = % and b; ; < 1. Thus,
J
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P(Bi;(X;) =k) = ’

b if k=X,
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We present some properties of the distribution under consideration in Appendix A.

Remark 2. The authors in [7] also consider this assumption on the batch distribution to prove that the
steady-state distribution of packets in the queues admits a product form solution. From this assumption, it
follows immediately that it is not possible to have both v; ; > 0 and ~v;; > 0 (one cannot have simultaneously
bij <1 andb;; <1 since b;; = 5—; and bj; = % ). We also note that p;/p; < 1 implies that the transfer of

DPs is carried out from queues with higher loads to queues to lower loads.

We will be sometimes interested in the conditions such that the load of the queues that interact in the
load balancing is equal. This will be called fair load balancing in this article.

We now present the set of transitions of this model. We denote by (X,Y) the state of the system, where
X (resp. Y) is a vector in which the i-th element represents the number of DPs (resp. of EPs) in cell i. Let

e; be the vector with all zeros except for the i-th element which is a one.
e With rate A;, a DP arrives from outside to cell 4, i.e., (X,Y) = (X 4+ ¢;,Y)
e With rate a;, an EP arrives to cell 4, i.e., (X,Y) = (X,Y +¢;)
e With rate d;, a DP of cell i leaves the system, i.e., when X; >0, (X,Y) = (X —¢;,Y)

e With rate u;, a DP of cell ¢ ends service and, when there are at least ¢; EPs at cell 4, it is sent to
cell j with probability P(i,j), and ¢; EPs of cell i disappear, i.e., in this case we have the following
transition (X,Y) — (X —e; +¢;,Y — cie;).

When there m < ¢; EPs at cell ¢ upon service of a DP at cell i, the DP disappears and the EP queue

of cell i gets empty, i.e., in this case we have the following transition (X,Y) — (X —e;, Y — mc;).
o With rate §;, a EP of cell ¢ is lost, i.e., when Y; > 0, (X,Y) = (X, Y —¢;)

e With rate 7; ; the load balancing protocol to migrate jobs from cell j to cell 7 is activated. For this
case, we have that, with probability AE?, k EPs in cell i are required for a successful transfer and,
also in case of a successful transfer, with probability Bi(zl) (X;), we migrate m DPs from cell j to cell

1. Hence, the following transitions are given in the load balancing protocol:

— When the EP queue of cell ¢ is not empty and there are [ EPs in cell j, with | < k, (COND2)
is not verified and the EP queue of cell j gets empty and one EP in cell 7 is lost, i.e., (X,Y) —
(X, Y — €; — lej)

— When the EP queue of cell i is not empty and there are, at least, & EPs in cell j, but the DP

queue of cell 7 is not empty, (COND3) is not verified, in which case one EP of cell ¢ and k EPs of
cell j are lost, ie., (X,Y) = (XY —e; — kej)



— When the EP queue of cell i is not empty, there are, at least, k EPs in cell j and the DP queue of
cell 7 is empty, i.e., the load balancing is successful, we have that one EP of cell i and k& EPs of cell

j are lost and m DPs are moved from cell j to cell 7, i.e., (X,Y) = (X +me; —me;,Y —e; — ke;)

2.3. Network topology

Let us define the following directed graphs (digraphs): R = (V, E) and G = (V, L) where V is the set of
cells, i.e. V ={1,...,N}, FE is the set of arcs which represent the possible movements of DPs after getting
service in the corresponding DP queue and L is the set of arcs which represent the movements of DPs due
to load balancing. We also define H = (V, EU L). In Figure 2, we plot a EPN network with load balancing
with 4 cells and in Figure 3 its corresponding digraphs R and G.
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Figure 2: An example of an EPN model with load balancing formed by .
the edges of digraph R and green arcs the

4 cells. EPs are depicted as white boxes and DPs as grey boxes. The .
edges of digraph G.

cells (one DP queue and the associated EP queue) are green boxes.
The blue arrows represent the arcs in F (i.e., the movement of DPs
after getting service), whereas the green arrows represent the arcs in
L (i.e., the load balancing movements). Cell 1 is polling Cell 2 (i.e.
41,2 > 0) while Cell 4 is polling Cell 3 (vy4,3 > 0).

From what we said in Remark 2, the assumption on the batch distribution implies that we cannot have
an arc (¢,7) and an arc (j,7) in G, i.e., G does not have directed cycles of length 2. One can generalize this

property to a directed cycle with any number of nodes.

Proposition 1. There is no directed cycles in the load balancing graph. Equivalently G is a directed acyclic

graph.

Proof. Consider an arbitrary directed cycle 41,13, ..,%x,41 in graph G. Assuming that one can balance the

load between nodes i; and 741, one must have p;; < p;,,, for all j. Combining these relations for all indices



15, we get:
Piy < Piy < oo < Py < Piys

which is a clear contradiction. Therefore such a directed cycle does not exist. O

It is important to notice that the above result implies that, in this model, the energy can not be wasted
with an inefficient load balancing. Indeed, a directed cycle in G means that a DP may join the same queue
after a sequence of load balancing operations. As these operations consume energy and do not process the

workload, from the practical point of view it is important to avoid such loops.
Definition 1. Cell i is a sink if at least one of the two conditions hold:

e J; >0,

e 1; >0 and B; > 0.

Intuitively, a sink is a cell where the data packets can leave the system either because they arrive at
their destination (i.e. d; > 0) or because they disappear in a failed routing due to an empty energy buffer

provoked by the leakage.

Definition 2. An EPN model is open if the following conditions hold:

1. a; >0 for all i,

2. for all DP queue j, there exist a DP queue i such that A; > 0 and there exist a path from i to j in
graph H,

3. for all DP queue j, there exist a cell i which is a sink and such that there exist a path from j to i in
graph H,

4. for all EP queue i, the condition B; + Zj vi,; > 0 must hold.

Intuitively, the first two conditions imply that every cell receives EPs and DPs while the third one states
that DPs may leave the network cell due to service or load balancing. Finally the fourth condition states
that the EPs may leave the system even if there is no data packet in the cell. Remark that the second and
the third condition do not imply that the network is connected. However we assume in the following and

without loss of generality that directed graph H is connected.

Lemma 1. If the network is open, then there exists a directed rooted forest which spans graph H whose roots
are such that the arrival rate of fresh data packets are positive: (i.e. A\; > 0 if i is the root of a tree) and
such all the edges point from the roots (we consider out-trees here). Recall that such a structure is called an
out-forest. Such an out-forest induces a labeling of the cells such that if there is a path from cell carrying
label i to cell labeled j, then we must have i < j. Let I() be these labels.

Similarly, one can obtain another labeling of the cells called J() based on the following rooted in-forest.

The roots are the sinks of the network and we consider a spanning out-forest where the nodes point toward

the roots.



Proof. We first consider all the cells ¢ such that A\; > 0. Assume that we have k such cells. These nodes
receive labels from 1 to k. We then build the out-trees rooted in these nodes by a Breadth First Search
(BFS) algorithm among the remaining nodes of H. Such an out-forest induces the required ordering by using
a increasing sequence of numbers during the BFS visits.

The proof for labeling J() is similar. We give the smallest number to the sinks of the network. Then we

proceed by a breadth first search visits using the arcs in the opposite direction. O

Intuitively, labels I() are used to describe the input of DP while labels J() model how the DP leave the
network.

In Table 1, we summarize the main notation of this article:

Notation | Description

A Arrival rate of DP queue 4

«; Arrival rate of EP queue 4

Bi Leakage rate of EP queue i

1% Service rate of DPs at cell ¢

¢ The number of EPs required for a routing of a DP at cell ¢
0; Departure rate of DPs at cell ¢

P(i,5) Probability to route a DP from cell i to cell j

Vi,j Polling rate of cell i to cell j
AEk]) Probability that the migration of jobs from

cell 7 to cell ¢ consumes k EPs

B; Batch size of migrating jobs from cell j to cell ¢
Di Load of DPs at cell 4
w; Load of EPs at cell ¢

Routing graph

L Load balancing graph

H Routing or load balancing graph

Table 1: The main notation of this article.

3. Analysis in a Network with an Arbitrary Open Topology

We recall that X is the vector of the number of DPs in the DP queues and Y the vector of the number of
EPs in the EP queues. Under the aforementioned assumptions, (X,Y); = (X1, .. Xn, Y1, .., Yn): is clearly a
Markov chain. We first consider an arbitrary EPN model and prove that there exists an invariant measure

of the packets in the queues that has a product form distribution provided that there exists a solution to a



fixed-point equation such that p; < 1 and w; < 1 for all ¢. Under these conditions, when the EPN model is
open, the Markov chain is ergodic. Finally, we provide sufficient conditions for the existence of a solution to
the fixed point equation.

Consider the flow equation of the EPs:

Qg
Wi = ci—1 m k—1 (k) . 5 (FLOW—EP)
Bi + Wipi Do Wi + Zj Vit Zj Zk21 2o Aj,i wj (wi)'vj,q
and the flow equation of the DPs:
A+ ipiw P ,1) + . Agk) i »wiw’? Z—A(kl) »iw»wf i
pi = Ej /’[’]pj 7 (.7 ) Z] EkEO( \J Y 3J 7 P 7, 7], I p]) . (FLOW—DP)

Hi +0;
In the following result, we prove that the steady-state distribution of packets in the queues admits a

product form expression if there exists a solution of the fixed-point equations (FLOW-DP) and (FLOW-EP)
such that p; < 1 and w; < 1. The proof is given in Appendix B.

Theorem 1. Consider that the flow equation (FLOW-EP) and (FLOW-DP) have a solution such that for
alli € V p; <1 and w; < 1. Under Assumption 1, the following expression is an invariant probability

measure

N N
w(e) = (T - oo ) (T - ). 0

i=1 =1

Let us now present the following result about ergodicity which follows directly from Brémaud [17].

Theorem 2 ([17]). Assume that the Markov chain is irreducible and that a solution of the flow equation
exists such that p; < 1 and w; < 1 for all cell i, then w(X,Y) is a distribution of probability and the Markov

chain is ergodic.
We now provide the following result regarding irreducibility.
Lemma 2. If the network is open, then the Markov chain is irreducible.

Proof. The proof has two parts: first we establish that there exists a sequence of transition with positive
probability to lead from state (6, 6) to any state (X,Y). Then we prove that there also exists a sequence of
transitions in the chain to connect (X,Y) to (0,0). The proof is postponed to Appendix C.

Remark 3. To emphasize that the above condition is sufficient, we provide in Appendix D an example of

an irreducible network which is not open.
As a consequence of the above two results, the next one follows directly.

Corollary 1. Assume that the network is open and that a solution of the flow equations (FLOW-DP) and
(FLOW-EP) exists such that p; < 1 and w; < 1 for all cell i, then m(X,Y) is a distribution of probability

and the Markov chain is ergodic.
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However, finding necessary and sufficient conditions for the existence of these solutions is still an open
problem due to the multiple interactions between the queues. Indeed, when a successful load balancing
operation takes place, 4 queues are modified (2 DP queues and 2 EP queues). This precludes the existence
of a loop free sequence of numerical computation of the flow equation which is a possible way to prove
existence of a fixed point solution (for instance for G-networks). In the following, we focus on a sufficient

condition for the existence of a solution of (FLOW-EP) and (FLOW-DP) such that p; < 1 and w; < 1 for

all 4.
Let w = (w1,...,wy) and p = (p1,...,pn). We consider the following system of equations:
Q;
Wi = Fi(wa ,0) = c—1 k—1 . (k )
Bi+ pipi Do Wit + Zj Yig T Zj Zk21 > i—0 A;‘,i)wj (W)l
and

o .. k k
Ai + 20, mipiwy P(G,0) + 3, Zkzo(Ag,j)W’i,jwiwai - Ag,i)%,iijfpj)
pi = Gi(w,p) = 11; + 0; ’

We aim to find sufficient conditions for such a system to have a solution in RiN . We first define the notion

of hyper-stability of an EPN model.

Definition 3. [Hyper-stability] A network is hyper-stable if the following conditions hold:
(HYP]) 0<a; <Bs +Zj’yi,j for all i,

(HYP2) Xi >3 vy for all i,

(HYP3) The Jackson network with arrival rates (A +3_; 'yw-)ﬁ, service rate p; and routing matriz
defined as P(j,i) = ui’jr"éiP(j,i) is positive recurrent and the solution p} of this Jackson network is

such that pf <1 for all 4,
(HYP4) i + 8; > 0 for all i.

Intuitively, (HYP1) implies that every EP queue receives and loses energy and it means that the EP
queues are stable even when energy is not consumed for the routing and the customer movements (service
and polling). (HYP2) states that, for each queue, the arrival rate of fresh customers must be larger the rate
with which it is polled. And (HYP3) means that the network built taking into account the arrivals provoked
by the load balancing (but not the departures) is stable. Conditions (HYP4) implies that every DP queue
has a service capacity. They are slightly more restrictive than the open topology hypothesis. Due to these
three last assumptions, the functions F;() and G;() are continuous on R2Y. We state that if the conditions
of Definition 3 hold, then there exists a fixed point solution of (FLOW-EP) and (FLOW-DP). The proof is

presented in Appendix E.

Theorem 3. If the network is hyper-stable, then there exists a solution for the flow equation such that for

allieV p; <1 and w; < 1.

11



4. Analysis in an Arbitrary Open Layered Network

According to Remark 2, we have that load balancing transfers DPs from cells with high load to cells with
low load. This clearly contributes to avoid that the load of DPs at some cells is close to one, which clearly
improves the performance of the system. A possible way to achieve this goal is to find the polling rates such
that a fair load balancing is given, i.e., the load of DPs of all the cells is equal. For this purpose, we consider
an open layered network. Intuitively, an open layered network is divided in blocks or layers and each block
is formed by cells with the same routing probabilities of movement after being served. Furthermore, load
balancing is only allowed between cells of the same block, i.e., there is no arc in L between nodes of different
blocks.

In this section, we provide a methodology such that, in each block, a fair load balancing can be achieved,
i.e., the load of DPs of each of the same block is equal. In Section 4.1, we show how load balancing can be
obtained in the first block. Then, in Section 4.2, we show how we can obtain by induction load balancing in
the rest of the blocks.

Let us first define the networks under analysis in this section.
Definition 4. A network is layered if graphs R and G are built as follows:

1. The connected components of the undirected version of G are denoted by K1,...,K... The subsets K;
are the layers of the EPN model and cc is the number of layers.

2. If x and y are in the same subset K;, then there is no path from x to y in graph R.

3. If node x in K; has a positive routing probability in R to reach node y in K;, then all the nodes of K;
have a positive probability to reach a node (not necessarily y) in K;.

4. Routing graph R is feed forward (or a DAG using a graph terminology).

5. i + 6; > 0 for all queue i.

Without loss of generality, we assume that the routing is only possible to join a subset K; with a higher indez.

In Figure 2, we represent a network with two layers; one layer is formed by cell 1 and cell 2, whereas the
other is formed by cell 3 and cell 4. We observe that load balancing (which is represented by the red arrow)
is given only between cell 1 and cell 2 and between cell 3 and cell 4, i.e., between nodes of the same layer.
We also note that all the jobs that are routed after getting service at cell 1 and cell 2 to cell 3. In Figure 4
we represent another example of an open layered network.

We want to achieve a fair load balancing within each layer. Inside the layer K;, all the DP queues will
have the same load pg,, but the load may be distinct for all the layers, i.e., pk, # pk;, for i # j. We now

present the following assumption we make in this section:

Assumption 2. We assume that AE? =1 for k=1, i.e., one EP is required in cell j to carry out a load

balancing that transfers DPs from cell j to cell i.
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Figure 4: A layered network with 3 layers. We only represent the DP queues. The green arrows represent the load balancing,

while the blue ones model the routing. The arrivals and departures are depicted by black arcs.

We would like to remark that the analysis of this section does not require the above assumption, but it
is made to simplify the analytical and numerical analysis of this section.
Based on the topological properties of this network, we analyze the system in the topological order of

the subsets K;. Such an ordering exists due to the assumptions on a layered network.

4.1. Analyzing K
We now focus on the fair load balancing of K7, i.e., of the first block of the layered network. Our approach
is divided in three steps. First, in Section 4.1.1, we find the cells that must transfer jobs and which are the
cells that receive jobs. Second, in Section 4.1.2, we present how to obtain the excess value of the sender cells
and the deficit value of the receiver cells. Finally, in Section 4.1.1, we describe how to obtain the values of
the polling rate to achieve load balancing using the excess and deficit values.
Let us consider (FLOW-DP) and, doing the summation for all the nodes i in K7, it results:
Dol +6) =D N+ D> D o PO+ YD (i wiw;pi — vj.i05wip5) (2)
i€Ky i€Ky €Ky j ieK1 j
But, as ¢ is a node of K1, it does not receive any DP from the network, i.e., P(j,i) = 0 for all j. And since
in an open layered network the load balancing only takes place between nodes of K7, the above equation is
simplified as follows:
ool +6) =D N+ DD (vijwiwipi — V.awwip;) (3)
= i€Ky i€K1 jEK
We now remark that Zz‘eKl ZjeKl (74,jwiw;pi — vj,iwjwipj) = 0. Therefore, we get:

Z pipi + 6;) = Z i (4)

i€ Ky i€ Ky
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Thus, when the fair load balancing is achieved, we have that p; = pg, for all ¢ € K3, it follows that:

PK, = ZiGKl )\’
b Yier, (00 + i)
The question is still to find the load balancing rates 7; ; to obtain such a fair balance. We proceed in
two steps: first we find the non zero entries of the load balancing matrix to obtain a fair load balancing and

then we derive algorithmically the rates ; ;.

4.1.1. Finding the interacting cells

Note that several choices are possible leading to many distinct ways to obtain a fair load balancing in
K;. We propose a simple method which has a low complexity. It may be possible to derive other methods
to optimize other objectives (for instance energy consumption).

Let pEI) be the load of DPs at cell i when the polling rates are all equal to 0, i.e., pEI) = mATéz We

partition the set of cells of K into three subsets:

1. cells 7 such that p(.l)

3

2. cells ¢ such that p(-I)

K3

3. cells i such that p(-I)

7

< pK, (subset Vi ),
> pk, (subset Vi),

= pK, (subset Vi ).

Note that the set Vy is formed by the nodes with deficit values and the set V;(rl by the nodes of excess
values. Therefore, we need to transfer load from the nodes of V* to the nodes of V~. Moreover, the cells
of Vi, are already balanced and, therefore, we do not use them to achieve the load balancing, i.e., we have
that v; ; =0if i € Vi or j € Vi .

From (FLOW-DP), it follows that, after fair load balancing, for all i € Ky:

it 22 gwiwy — Yjawiw:)
0i +

: (5)

From the partition we have defined above, it follows that the balancing of DPs is achieved by poling

PK,

cells in Vlz by cells in Vj .Remember that 7; ; > 0 means that cell ¢ polls cell j to receive DPs. Therefore
v, =0,ifi € V;l or j € Vi . Note also that the graph is bipartite. As a result, from (5), it follows that

for a cell 1 € Vlgl :

At P D jevyy VigWis o

PK, = 8i + 11 Aand (PK1 ez ) (Mz‘ +0i) = pxk, Z Vi, jWilW;
K3 1
JeViE
whereas for a cell j in VIJ{I:
Aj = PRy Qe VijWis
’ I

PEL = . = (PK1 — 1} )) (5 +3;) = —pry D Vigwiws-

3T H i€V

K

We now aim to determine the values of v; ; for all i € Vi and all j € VI'("1 to achieve a fair load balancing.
First, we will find the value of the excess and deficit values of the interacting cells, i.e., px, i jwiw; for each
i € Vi, and each j € Vf}'l and then we will focus on the values of w; and w; to compute the polling rate to

achieve load balancing.
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4.1.2. Determining the excess and deficit values for each i € VIJ{I and each j € Vi,

We aim to analyze how the excess values are balanced to the nodes with deficit values. Hence, our goal
is to get pi, i jwiw; for each i € Vo and each j € V;{ . Provided that these values are known, we are able
to provide conditions under which w; and w; exists and are less than one (Proposition 2 and Proposition 3),
which allows to obtain the rates at which fair load balancing is achieved.

Let us consider the following algorithm to construct a feasible solution of the problem of determining the

excess and deficit values of the nodes:

1. We create a heap with the values of (px, — p,(;I))(ui + ;) for i in Vi .

2. We create another heap with the values (—pg, + p§1))(ui + ;) for j in V[Q. !

3. We take the max of the first heap (say a) and the max of the second heap (say b). We remove both
elements from their respective heaps. Let ¢ be the index of a and j the index of b.

4. We consider ¢ = min(a,b). By construction ¢ > 0. We affect ¢ to the flow between i and j (i.e.
€= PK, Vi, jWiWj)-

5. If a—c¢> 0 we add a — ¢ to the heap Vj and we associate it with index 7. Similarly if b —c > 0 we
add b — c to the heap V;l and we associate it with index j.

6. If both heaps are non empty, we return to Step 3.

The main advantage of this simple method is its complexity. At each iteration we remove one or two
nodes, using the ExtractMin operation to get the information from the heap, which requires O(log(N)) time
(see Thm 10.1 in [18]). We find at most N values of pg,~; jwiw; for some i and j. At the end of this
heuristic, we obtain the non zero values of px,7i jwiw; for i € Ve and j € V{ with a worst complexity of

O(Nlog(N)).

Remark 4. Note that there might be simple scenarios where the polling rate to achieve load balancing can
be obtained without computing the values of pr, i jwiw;. For instance, the model depicted in Figure 1(d),

we only have two unbalanced nodes, in which case we have one node in excess and a deficit in the other node.
Let us present an example to compute the deficit and excess values using the above heuristic:

Example 1. Suppose that we have 3 cells in subset Vi with deficit values 1, 5, and 2 (nodes number 1, 2
and 3) while we have 4 cells in V;gl (nodes number 4, 5, 6 and 7) with excess values (2,1,1,4). We will use

4 iterations:

1. In the first step, node 2 is the node with the largest deficit value of Vi —and its deficit value is 5,
whereas node 7 is the one with the largest excess value of V]}"1 and its excess value is 4. Thus, we match
these nodes for a value of 4. Node 7 is removed, the deficit value of node 2 becomes 1. Besides, we

have that s rwowr = 4.

1Note that we change the sign of the values to only deal with positive values.
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2. In this step, node 3 is the node with the largest deficit value of Vi and the deficit value is 2, whereas
the largest excess value of V;('I 1s in node 4, whose excess value is 2. Therefore, we match these nodes
for a value of 2 and they are both removed. Besides, we have that 3 swsws = 2.

3. In this step, there is a tie between nodes 1 and 2. In this case, we choose at random and, therefore, we
match node 1 with node 5 for a value of 1. Both nodes are removed. Also, we have that 7 swiws = 1.

4. Finally, we match node 2 with node 6 for a value of 1. Both nodes are removed. Also, we have that

72,6(")2(")6 =1.

We represent the obtained result of this example in Figure 5.

Figure 5: The solution leading to a fair load balancing using the considered method.

We remark that the values of pk, v jwiw; for i € Vi, and j € V;{l are known. Therefore, for all j € V;{l,

we denote by

dj = pK, Z Vi, jWiWs s (6)

i€V,
the values that we get at the end of the above heuristic. Note that d; is already obtained while v; ;, w;, and

wj are still unknown.

4.1.8. Numerical derivation of v; ;
We have obtained ; jw;w; in the previous section. In this section, we will analyze the values of w; and
wj, whose computation allows us to obtain the rates v; ;. Taking into account that the cells of V;{l send

DPs to the cells of Vi , for i € Vi , we have:

Q;
w; = ci—1 m ) (7)
B+ Hipx oo (W)™ + X jevis Vi
while for ¢ € VIJ{17 we have:
Q;
Wi ci—1 (8)

Bi + HiPK, Zm:o(wi)m + Zjevgl Wi%5,i

We first focus on the solution of the former fixed point problem.
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Proposition 2. There exists a solution to (8) if and only if
0< oy — dl < 61 +,u1pchZ
Furthermore, if the solution exists, it is unique.

Proof. We get from (8) that

c;i—1 Ci
wi | Bit pipr, D (@)™ D> wivia | =i = i —di = Biwi + papr, Y (wi)™
m=0 jevgl m=1
Let us introduce function f;(w;) = —ay; + d; + Biw; + pipk, ngzl(wi)m, which is a polynomial function in

w; such that f'(w;) > 0. Therefore, function f;() is non decreasing in the interval [0,1] and f;(0) = d; — oy

and f;(1) = B; + pipk,ci + d; — «;. Therefore, the solution of (8) exists and is unique if and only if
0<a; —d; <Bi+ pipr,Ci-
O

Assuming that the conditions of the above result hold for all the nodes in V;{l, we can compute the value
of w; for j € Vgl with simple numerical methods, such as dichotomical search. Hence, we assume in the
following that the value of w; for j € V}Z is known. Therefore, we can obtain ~; jw; from ~; jww;. As a
result, for all 1 € Vi , we define e; = > jevit, 7vi,jwi. Using the same arguments as in Proposition 2, we can
provide necessary and sufficient conditions for the existence and uniqueness of a solution of the fixed point

equation (7).

Proposition 3. There exists a solution to (7) if and only if
0<a;—e <Bi+ pipk, -

Furthermore, if the solution exists, it is unique.

Finally, assuming that the conditions of the above result hold, we can obtain the value of w; and the
value of w; by numerical methods and, as a result, we are able to compute the polling rates to achieved load

balancing from ~; jw;w;.

4.1.4. Particular case: a network with a single block

Z’f\jzl Ai
Z?’:l ;"
Moreover, we can partition the set of nodes by V*, V= and V= and compute the excess and deficit values

In a network formed by a single block, we have that Ky = V and p; = 0 for all i. Therefore, px, =

as previously. However, (7) and (8) for this case are given by

Q4

W= ——
LBt Y evt Vi
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for i € V—, while for i € V+
Bi+ 2 jev- WiYji
From Proposition 2 and Proposition 3, the solution of the above expression exists if and only if a; — e;

Wi

and «; — d; are positive and smaller than ;. Moreover, when these conditions are satisfied, we have that

w; = % forallie V~ and w; = O”Edi foralli e V+.

4.2. Analyzing K by induction

We now assume that we have computed the polling rate to achieve load balancing for all layers K1, ..., Ki_1.
Note however that we do not have the same load p; for DP queues which are not in the same layer. The fair
load balancing is achieved within each layer with a possibly distinct load. By induction, the load p; have
been computed for all the DP queues in K for | < k. Therefore taking into account the assumptions about

the topology, we have from (FLOW-DP) that:

k—1
(i +0i)pi = Ni + Z Z pipjwy P(j,1) + Z (Vi,jwiw; pi — Vj,iwjwip;)- 9)
m=1jEK, JEK

After summation on all the DP queues in K}, the last term cancels as before, and we get:

k-1
S (it dpi= > XN+ > DY wipwi P(5.1). (10)

1€EKy, i€ Ky €K m=1jeK,,
By induction, all the rates p; and w; have already been computed as they are in a layer with a smaller index.

Therefore the fair load balancing for the queues in K}, are defined by:
k—1 cj .o
oK, = ZiEKk (Ni + 2 JEK,, HiPiW; P(j,1))
K, =

Once this fair rate for DP queues has been computed, we process like for K7 to obtain the energy rates

(11)

for the EP queues in K} and one can continue with the induction. Note that Remark 4 is still valid. For
instance in Layer 2 of the graph depicted in Figure 4, we do not use the heuristics presented in the previous

section to find v; jw;w; as we clearly have only one feasible solution for the load balancing.

5. Numerical Experiments

In this section, we present the numerical work we have carried out. We first explain how the load
balancing protocol under consideration in this work is a good approach to improve the system performance.
Then, we focus on the fair load balancing to find the polling rate required to achieve it. Finally, we study
the influence of the parameters related to energy (leakage and arrival rates of EPs) on the fair load balancing
polling rate. Throughout this section, we consider the network of Figure 2, which is formed by two layers
and, in each layer, there are two cells. The solution of the fixed point equations we required to solve to
determine the load of the EPs and DPs has been obtained by a simple fixed point heuristic, which converged
1 _

J

in all the cases we have considered. Throughout this section, we consider that A; 7 =1 when ~; ; > 0, as in

the previous section.
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5.1. Improving Performance by Means of Load Balancing

We now focus on the performance improvement that can be achieved by using the load balancing technique
we consider in this work. We will see that how to migrate jobs from cells which are close to saturation to
cells with low load as well as the manner that this improves the performance of the system.

We consider the following values for the arrival rate of DPs to the cells: Ay = 0.55, As = 0.99, A3 = 0.3
and Ay = 0.1. Taking into account the topology of the network, we have that us = pg = 0 as well as
01 = 02 = 0. Moreover, we consider the following values: pu; = pus = 1 and 63 = d4 = 1. We also set ¢; = 1
for all the cells i = 1,2,3,4. For the arrival rate of EPs, we consider that o; = 1.0, 7« = 1,2,3,4. We also
consider that 8; = 1.5 for i = 1,2, 3,4.

Regarding the movement of jobs due to load balancing, we have that DP queue 1 (resp. DP queue 4)
receives DP packets from DP queue 2 (resp. DP queue 3). Finally, we have that 71 2 = 74,3 = 7. Our goal
is to study the influence of v on the system performance.

We first note that, when v = 0, the load of DP queue 2 and of DP queue 3 are very close to one. As
a consequence, we have that the mean number of DPs (and, from Little’s Law, the mean response time as
well) of these queues is very large. In Figure 6 we plot the evolution of the loads of the DPs of all the cells
when ~y varies from 0 to 100. We observe that with small values of v the load of DP queue 2 and of DP queue
3 decrease substantially. In fact, when v > 11, the load of all the DPs is smaller than 0.8, which implies that
none of the DP queues are in saturation with small values of ~.

We have measured the improvement of the performance as a result of the load balancing technique by
the mean number of customers when v = 0 and v = 50. When « = 0, we have that the mean number
of customers of DP queue 2 is equal to 0.99//(1 — 0.99) = 99. However, when v = 50, we have that the
load of DP queue 2 is equal to 0.77 and, as a consequence, the mean number of customers of this queue is
0.77/(1 — 0.77) = 2.33, which is very small comparing with 99. A similar conclusion can be derived when
we consider the load of the DP queue 3. Hence, from this figure, we conclude that the mean number of
customers can be decreased a lot with relatively small values of the polling rate of the load balancing.

An interesting property of Figure 6 is that, when ~ is large, the influence of the load balancing is very
small. Indeed, as it can be seen in Figure 7, w; and s, i.e., the load of EPs of cell 1 and of cell 3, are smaller
than 0.02 when + is larger than 50. This means that when + is large, there is no energy to perform load
balancing (i.e., (COND1) or (COND2) are not satisfied) and, therefore, we cannot migrate jobs from some
cells to others even though we increase the polling rate. We also conclude from the illustration of Figure 7
that for the values of v we have considered, all the EP queues are stable, i.e. the load of EPs is strictly

smaller than one in all the cells.

19



0.7

| 06 | |
—uw,
—
4 2
05 4
“3
07 4 w,
04 .
06 4
—p 03 -
05 - 4
— P2
0.4 P3 4 02+ 4
—,
03 |
01} 4
02 =
o . . | ! ! T : :
o1 . . | | | | | | | 0 10 20 30 40 50 60 70 80 90 100
0 10 20 30 40 50 60 70 80 90 100 v

Figure 7: The evolution of w1, wa, ws and w4 with respect to
Figure 6: The evolution of p1, p2, p3 and ps with respect to .
5.

5.2. Analysis of Load Balancing Rates

In Section 4, we have obtained a method to compute the polling rate to achieve fair load balancing in
each of the layers of a network. In this section, we provide an alternative numerical method to compute this
polling rate.

We first focus on the first layer of the network and we aim to determine how DPs must be moved so that
it is ensured that the load of DPs of cell 1 and of cell 2 are the same. We consider the following parameters:
AM =02, =03 u1=p=1,6=0=0,a; =0.5, s =2 and [y = [ = 2.

We first note that, without load balancing, the load of DPs of cell 1 is 0.3, whereas the load of DPs in cell
2 is 0.2. This means that the migration of DPs in this case must be from cell 1 to cell 2 or, in other words,
we have that 12 > 0 and 21 = 0. Furthermore, we know that, when the fair load balancing is achieved,
the load of DPs of cell 1 and of cell 2 is equal to 0.25.

In Figure 8 we present the evolution of p; and ps when ~; o varies from 0 to 7.5. We see that the fair
load balancing in the first layer is achieved for 12 &~ 6.75. We also study the evolution of w; and wsy for
these values of ;2 to see whether these queues are stable for these instances and, according to the plot of
Figure 9, we conclude that the load of the EPs in cell 1 and cell 2 is smaller than one for all the considered

values of ~1s.
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We now study the polling rate at which fair load balancing is achieved in the second layer of the network,
that is, when the load of DPs in cell 3 and cell 4 are the same. According the our previous analysis, we
consider that ;2 = 6.75. We also consider the following parameters: A3 = 0.05, Ay = 0.1, puz = ps = 0,
03 =04 =3, a3 =2, ay = 1 and 83 = B4 = 3. We also notice from the network topology that P(1,3) =1
and P(3,2) = 1.

We have first computed the load of DPs in cell 3 and cell 4 when the polling rate is zero and we obtained
that p3 = 0.046 and ps = 0.033. This means that 743 > 0 and 3 4 = 0, i.e., in the load balancing protocol
we are transferring DPs from cell 3 to cell 4.

We study in Figure 10, the evolution of ps and ps when 74 3 varies from 20 to 120. We observe that the

value of the polling rate at which fair load balancing is achieved in this instance is 43 ~ 94.5. We also show
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in Figure 11 the evolution of w3 and wy for different values of v4 3 and we observe that for all the considered

values of the polling rate the EP queues are stable, i.e., w3 < 1 and wy < 1.

5.8. Influence of Energy Parameters for Fair Load Balancing

In this section, we analyze the effect of the leakage rate and the arrival rate of EPs, which are the
parameters that influence more the load of the EPs, in the polling rate required to achieve load balancing.
In the experiments that we describe in this section we consider the first layer of the network presented in
Figure 2 and the same parameters as in the previous section. We will vary one of the parameters in each
experiment to see its impact in the polling rate to achieve load balancing.

We now focus on the leakage rate of the EPs of cells 1 and 2. We first analyze the case where the leakage
rate of cell 1 is large. To this end, we consider 5; = 20 and the rest of the parameters as in the previous
section. We illustrate in Figure 12 the evolution of the loads of the DPs of cell 1 and cell 2 with respect to
v1,2. We consider that v; o varies from 0 to 80. We observe from this plot that the polling rate to achieve
load balancing is equal to 60.25, which is much larger than the polling rate when $; = 2 (which is 6.75,
according to Figure 8). From this figure, we conclude that increasing the leakage rate of the receiver cell,
i.e., of cell 1, requires a larger polling rate to achieve fair load balancing. We observe a similar behavior
when we increase the leakage rate of cell 2 in Figure 13. Indeed, in this case, we consider that 85 = 2.6 and
the rest of the parameters are fixed to those of the experiments of the previous section. In fat, in Figure 13,
we present the evolution of the loads of DPs of cell 1 and cell 2 when ~y; 5 varies from 0 to 50 and we observe
that the polling rate to achieve load balancing in this case is approximately equal to 42.75, which is also
much higher than 6.75 but not as high as 60.25. Therefore, we conclude that the polling rate to achieve load

balancing increases more when we vary the leakage rate of the first cell.
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Figure 12: Evolution of p1 and p2 when 712 varies from 0 Figure 13: Evolution of p; and p2 when ~12 varies from 10
to 80 and 81 = 20 to 50 and B2 = 2.6.
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We also explore the influence on the polling rate for fair load balancing when we increase the arrival rate
of EPs to these cells. First, we consider in Figure 14 that « is equal to 5 and the rest of the parameters are
as in the previous section. We plot the evolution of the load of DPs in cell 1 and cell 2 with respect to 1 2.
We consider that v 2 varies from 0 to 5. We observe that the polling rate to achieve fair load balancing in
this case is approximately equal to 0.96, which is clearly smaller than 6.75. Therefore, we conclude from this
experiment that the polling rate required to achieve load balancing decreases with a;, i.e., with the arrival
rate of EPs in the receiver cell. We also analyze the influence of the arrival rate of EPs of the sender cell.
We consider that ay = 1.5 in this case and in Figure 15 we plot the evolution of p; and ps with respect to
v1,2. We consider that v; 5 varies from 0 to 5. We observe that the polling rate to achieve load balancing in
this case is approximately equal to 0.46, which is smaller than 6.75 and also smaller than 0.96. From this
experiment we conclude that the polling rate required to achieve load balancing also decreases with as and

also that the arrival rate of the sender cell, i.e. as, influences more this polling rate.

5.4. A single block with 4 cells

We consider a network formed by a single block with 4 cells. For this case, we use the methodology
presented in Section 4 to compute the polling rates required to achieve fair load balancing. Given that there
is a single block, we have that u; = 0 for all i. We consider §; = 1 for all ¢ and, regarding the arrival rate of
DPs, Ay = 0.65, Ao = 0.5, A3 = 0.35, and A4 = 0.3. On the other hand, for EPs, we consider that 5; = 1 for
all i and a; = 0.3, ap = 0.1, a3 =4 and ay = 4.

We first compute pg, for this network as follows

_0.65+ 0.5 + 0.35 + 0.3

= 0.45.
1+1+1+1 0

PK,

Therefore, since pgl) = 0.65, pgl) = 0.5, p(ll) = 0.35 and pgl) = 0.3, we have that Vf}'l = {1,2} and
Vi, = {3,4}, which means that cells 1 and 2 send DPs to cells 3 and 4. Hence, all the polling rates that
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are different from 31,741, 73,2 and a2 are equal to zero. We now aim to compute the exact value of these

polling rates.

The next step consists of finding the excess and deficit values of the cells. For cell 1, we obtain that
(pr, — pgl))(,ul +01) = 0.2. In an analogous manner, we get that (px, — pg))(,ug + d02) = 0.05, (—pK, +
P57 (s + 05) = 0.1 and (—pre, + ) (a + 84) = 0.15.

Using the heuristic presented in Section 4.1.2, we obtain that cell 1 sends DPs to cell 3 and 4, whereas
cell 2 sends DPs only to cell 3 (which means that, in our solution, 42 = 0 as well as 31 > 0,732 > 0 and

~v41 > 0). Besides, this algorithm provides us the following excess and deficit values:
PE, V4 1wawr = 0.15, px, 3,1w3wi = 0.05, pg,¥3,0waws = 0.05.
We now compute d; and dy in the following way:
d1 = pr,Ya,1waw1 + pr,¥3,1wsw1 = 0.15 +0.05 = 0.2,

dy = pr,73,2w3we = 0.05.

We now compute w; and we observe that a; — dy = 0.1, which is positive and smaller that 8; (which is

equal to one). Therefore, according to Proposition 2, there is a single solution, which is given by wy = 0‘1/3_1 d —

0.1 because there is a single block (i.e., 41 = 0). In an analogous manner, we obtain that wy = “2/37;‘12 = 0.05.

From these results, we obtain that

L_ 015 015 10
= ol 045-01 30
o 005 005 10
s Wl 045-01 9
and
0.05 0.05 20
V3,2W3 =

pr,ws  045-0.05 9
We compute the values of e3 and ey as follows:

20 10

€3 = 73,1W3 +"}/372w3 — ? + 5 _ ?7

and

10

€4 = Y4,1W4 = ?

The above values are used to compute w3 and wy. We first focus on w3, which, taking into account that
az —e3 = % is positive and smaller than (3, we know that it has a single solution from Proposition 3, which
is given by w3 = % = % Likewise, we have that ay — ey = %, which applying again Proposition 3 we get
that wy = % = %

Finally, we proceed as follows to obtain the polling rates to achieve fair load balancing;:

015 0.15 B
PK, Wit 045 - % 0.1

3

PK1V4,1WaW1 = 0.15 <~ Y41 =
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0.05 - 0.05 5
pr,wawi  045-2.0.1 3’

Pr, Y3,1w3wr = 0.00 <= 31 =

win

and
0.05 0.05 10

0
pr,wswy  0.45-2.0.05 3

P Y3 ,2w3w2 = 0.05 <= 732 =

Figure 17: The load balancing graph when A1 = 0.65,
A2 = 0.5, A3 = 0.4, and A\q4 = 0.25.

Figure 16: The load balancing graph when A1 = 0.65,
A2 = 0.5, A3 = 0.35, and \y = 0.3.

In this example, we have obtained that cell 1 sends DPs to cell 3 and 4, whereas cell 2 sends DPs only to
cell 3, that is, the load balancing graph is given in Figure 16. We now consider that A3 = 0.4 and Ay = 0.25
and the rest of the parameters as in the previous case. We observe that pr, = 0.45 and, therefore, the sets
V;{l and Vi are the same as in the previous example. However, the load balancing graph is different since
cell 1 sends DPs only to cell 4 and cell 2 sends DPs only to cell 3, see Figure 17. Proceeding in the same
way as in the previous example, we obtain that 741 = 5 and v3 = 2

1

6. Conclusions

We analyzed an extension of the EPN model that allows migration of jobs from DP queues of different
cells. That is, a batch of jobs are transferred from one queue to an idle queue when there is enough energy.
We showed that the steady-state distribution of jobs in the queues has a product form expression when a
solution of a fixed point equation exists. We provide sufficient conditions for the existence of a solution of
the fixed point equation. In a layered network, we study how the polling rates (i.e. the rate at which a queue
request to transfer DPs to another queue) must be set so as to ensure a fair load balancing, i.e., to ensure
that the load of the DPs of the cells that are in the same layer is equal. Using numerical experiments, we
show that dynamic load balancing can be very helpful to improve performance when there are DP queues
that are in heavy-traffic. We also analyze numerically the polling rates to achieve a fair load balancing.

For future work, we are interested in studying variants of this model which might more interesting from
a practical point of view; for instance, we will explore more complex conditions on the load balancing than
those considered in this article and we will relax the assumption that the energy consumed for load balancing
is independent of the number of migrated jobs. We would also like to analyze the polling rates of layered
networks by considering other objective functions, such as minimizing energy consumption. We are also

planning to study load balancing protocols in other EPN networks such as considering generally distributed
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service requirements [19] or finite buffer in the batteries [20]. We think that an interesting researchline is to

consider the extension of the quasireversibility theory to accommodate signals [21] to analyze the existence

of the product-form solution of this and other EPN models.
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pendix A. Some properties of the distribution of Assumption 1

We now present some properties of B; ;j(X;), the number of customers that move from cell j to cell ¢

when there are X; DPs at cell j. We first show that it is, indeed, a distribution for all Xy. To prove this,

we

proceed as follows:

X;-1 Xj

1-b;
k X X
E — E —_— T4+ b =1
p ( b )b b 1] b ( b )(1 sz) b bl,] b’hJ

We now provide the expression of the expected value of B; ;(Xj):

E[B:;(X;)] = X;b; ]+ Z (1-bi ;)0f, —ijf;+z kb Zkb’f“ Zkb Zk 1) Zb
k=1
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From this expression, we conclude that E[B; ;(X;)] is increasing with X;. This means that the more
customers present in the queue, the more customers (in expectation) are sent during the load balancing.

From this monotonicity, we can provide the following upper-bound:

b s
B[B1i(X,)] < ElBi;(00)] = .
i,
This means that the expected value of the number of customers that move from cell j to cell ¢ during the
load balancing is, at most, 13’)1 e

Appendix B. Proof of Theorem 1

Recall that Bi(?) (X;) is the probability of moving m customers due to the load balancing from DP queue
j to DP queue ¢ when there are X; DPs at cell j. We have clearly that, for all X, Zij:() B (X;) =1. We

now write the global balance equations:

(X Y) (A 200+ 3 0ilx 50 + 00 pilxso + 22, Bilviso + 22,05 ’Yi,jlYi>O) =
> m(X = e, Y)Nilx, >0

+ >, (XY —e)aily,so

+ im(XY +e)fi

+ 2im(X +e,Y)h

+ > Zf,’;(l) (X + e, Y +me;) ily,—o

+ D> m(X 4 —e, Y + e uiP(i, ) 1x; >0

+ T Ter Tiso ALy m(X,Y + e+ 1)1y, =0

O o A T(XY e + ke )yiglx, 50

+ > Zj ZmZO Zkzo Az('?%,jBi(ZL) (X; +m)m(X —em~+e;m,Y +e; +kej)lx,—m

The lhs of the above expression represents the total flow out from state (X,Y) and the rhs the total flow
into (X,Y). The rhs of the above expression is formed by nine terms (each of them is represented in a different
line). The first sum represents the arrival of a DP and the second one of the EP. The first sum represents
the leakage of an EP and the fourth one the departure of a DP. The fifth sum represents that the lost of a
DP after being served because the required energy is not available. The sixth sum represents the successful
movement of a DP after getting service to the next cell. The seventh sum represents that (COND2) is not
satisfied, whereas the eighth sum that (COND3) is not satisfied. Finally, the last sum represent a successful

load balancing.
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We divide by (X, Y") the above expression and, assuming that the expression in (1) is true, we get that:
DNt ait 3 0ilxso+ Y milxso + 20 Bilviso + 2000 Vi lviso =
> 21X, 50
+ Zv %:11’90
+ >, Biwi
+ i pidi
+ 3 o P pily,=o
+ 2 S i P(i j)1x, 50
+ 2 2k Yo 1A(k)ww Vi ly,=o
+ X Z Zk>0 A( sz'%‘,lepo
Y Yo Do A5 B (XK 4+ m) (£)” i Ly
We use that 1y,—0 =1 — 1y,50 and ly,—0 = 1 — ly; >0 and put the negative terms to the other side:
2N+t D0 0ilxs0 + 30 milxso + 22 Bilviso + 22, 30 Vi lviso + 2 fol;é piwi" ily, >0
+ 22 ZmZ wzw i1y, >0
= Zi %1Xi>0
+ Zi %1%>0
+ >, Biwi
+ > pidi
+ > Z:;;(l) piw; i
+ > j le ‘Wil (i, 7)1x;>0
+ 2 Z Zk>12 WZW Yi,j
+ 2 Zj Zkzo Ag,kj)wiw;'c%,j Ix;>0
XY Yo Xm0 AN B (X 4+ m) (2) " wieok

We now rewrite the last term of the last equation in the following equivalent form (in which we differentiate

the case where the DP queue of the sender gets empty after the load balancing and not):
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DN it

From Assumption 1,

Zi Ai + Z,‘ a;+

2o 0ilx>0 + 20 pilx, >0 + 30 Bilviso + 32,2 Vi lviso + 22, S il il >0

i Y0 Yt Sio Al witdhigly;so
Z¢%1Xi>o

Zi ?le%>0

> Biwi

> Pidi

> Yo P i

> Zj 05 B i P4, Ix;>0

> Zj Zkzl Zéﬂz_ol Ag,kj)wiwé‘%j

k
DD k>0 AE ‘)wiwl‘c%,j 1x,>0

D025 2am>0 2ak>0 ”%,JB(m)(X +m)(p:) Wi 1x,=m1x;50

22205 2am>0 2k>0 ”%,JB(m)( )(%) Wi 1x,=m1x;=0

Pi

we can write Bi(zl) (m) (ﬁ) =1 and Bi(?) (X; +m) (

ﬁ)m =1— 2. Thus,

Pi

> 0ilxs0 + X milx,s0 + 30 Bilyiso + 305 3 Vi lviso + 3o Soeary piwl ftily, 50

> Z Zk>1 Z Ekj)wzw Yi,ily;>0
> 2 x, 50

Zi %1%>0

Zi ﬁiwz‘

> Pidi

Zi Z:ﬁ;(l) Piwi s

S X B P (i, )L, 0

> ke Do

> Zj Zk>0 A( )W (W %,J1X >0

z J sz Yi,j

2225 Ym0 k0 A Z] 5 i (1 - )sz Ix;=mlx;>0

k
D22 2am>0 2ok0 Ag,j)7i7jwiw?1Xi:m1X.7:O
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Using that ZmZO 1x,=m = 1, the last two terms of the above expressions simplify as follows:
DNt Dot 3 0ilxso+ D ilxso + 20 Bilviso + 200 viilviso + 22, fo;; piw;" i ly; >0

XY Y Tty AL wis i 1v;50

= Zz %1X >0

+ Zi %:1Yi>0

+ >, Biwi

+ > pidi

O e P s

LY, B P ) Lx, o

+ 2 Z szZ Uwzw Yi,j

+ Zz Zj Zk>0 A( )W wh 5 Yi.g 1x,>0

+ 2 Z Zk>0 ] ’Ym (1 - %) Wiwf1Xj>0

+ 2 Z Zk>0 ,] %]wzw 1XJ_O

Using again that 1x,—0 =1 — 1x,>0, we get that

DA+t D0 0ilxs0 + 0 pilxso + 30 Bilviso + 200 Vi lviso 20, S P ilyiso
+ i Yt ”wzw L1y, >0
= ZZ %1Xi>0
+ 2 otlyiso
+ 2 Biwi
+ D2 pidi
S D) Dy N
bOYLY, B Pl ) Lo
XY T Yo Al wiwhyig
+ Zi Zj Zkzo Az(,kj)wiwf%j Ix,>0
DD DD P R: ,] %,g (1 - pl) WiW; "1x,50
Y o ANy jwiwk (1 - 1x,50)
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The above expression gets simplified as follows:
SN+ it 3 0ilxs0 + 30 pilxso + 30 Bilyiso + 20 20 viglviso + 2, S piwl pily, >0

+ i Zk>12 z]wzw i1y, >0

= ZZ %1Xi>0

+ i otlviso

+ >, Biwi

+ D2 pidi

+ 3 o P

+ Y Bt P (i, )1x,50

+ i 2k Zf:_ol Az(‘,kj)wiwé'%j

+ Zi Zj Zkzo Az(‘,kj)wzwf%,le,- >0

- Z Z Zk>o ,g ’Yz,gp Wi lej>0

+ Zi Zj Zkzo Az(,kj)%,jwiwf

We change the indices i and j of the sixth and the tenth term of the rhs and of the eighth term of the

lhs, which gives
SN it 3 dilxs0 + 30 pilxso + 30 Bilyiso + 20 20 viglviso + 2, S piwl pily, >0

+ 2 Z Zk>1z A ij V4,ilvi>0
= 2 %1Xi>0
+ Zi %21}/11>0
+ >, Biwi
+ Zi pidi
+ 21 Zfrlz;(]j Piwi s
+ Xt p—w TuiP(j ,i)lXi>0
+ > Z Zk>1 Z;ﬂ z] wz“ Vi,j
+ D2 2 k>0 A” Wiw;?%vj Ix;>0
- 2 Z j Zk>0 Agz)Vj,i&ijle»O

+ D Z Zk>0 ,j ’waz f
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We now check that equation with the indicator function 1x,-¢ is satisfied as well as the equation with

indicator function ly,sq and the equation without indicator function (constant term).

e Function 1x,-¢:

+ Wi = —w T P(d, 1) + i,j Wi Vi
IBREDD Z *22 P+ DD A

i k>0
- Z > Z et
i k>0
The above equation holds by (FLOW-DP).
e Function 1y, :
ci—1 .
ZB%"‘ZZ'W]"‘ZZPWJ Mz+ZZZZA§]§)WJW'7]z: %
i m=0 i j k>11=0 it
The above equation holds by (FLOW-EP).
e Constant:
ci—1
Z/\ +ZO‘1 Zﬁlwz +ZP15 +Z Z P! g +ZZZZAH%UJ Vi j
i m=0 7 j k>11=0
0D A )
i j k>0

We now note that the last two terms of the rhs can be written in the following equivalent form:

Z X + Z a; = Z Biwi + Z pidi + Z CIZ:pzw i + Z > ;O ; AM wiwly, (B.1)
From (FLOW-EP), we have that J
DU DRUES 3) DERED D SPEIIE 36 3p wpan - HE e
We replace this expression in (B.1) and we get ]

Z)\ +szﬂz+zzwz’71]+2wz szw M2+ZZZZAZJWJW Vii =

% 7 k>11=1
ci—1

Zﬁzwz+ZP15 +ZZP1W ﬂz"’ZZZZAZ]WiW iYi,j

i m=0 % j k>01=0

We simplify that above expression and it results

c;i—1 c;i—1

ZA +ZZ%%J+Z%ZW i = ZM DDl y > Al ey

m=0 i m=0 i j k>0

k

Using that ), <, Ai j) =1 for all 4, j, the above expression simplifies as follows:

c;i—1 ci—1

DNED D i £ D D pultn = D pidit DD pul+ ) wam
i i g i m=0

i m=0
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The term ), Zj w;ivi,; appears on both sides of the above expression and, therefore, they can be

canceled: . )
ci— ci—

YIS D DPELIED WLES ) oy e
i [ m=0 i m=0

From (FLOW-DP), we obtain the following expression:

szﬂz+zp16 —ZA +ZZpuujw P(j,i +ZZZA (Vi jwiwips — ;Wi wips)

j k>0
We now notice that 3, >, 'yi7jw;-“wipi =222 vj.iwFw;ip;. Therefore, we above expression can be

simplified as follows:
S pimi Y pibi =Y N+ D> pipw P(j,i).
i i i i
We now interchange the indices i and j of the last expression of the rhs and we get
Z Ai = Zpim + sz‘@ - Z Zpiﬂiwfip(iaj)~
i i i i

We replace this expression in (B.2) and it results

c;i—1 c;i—1
Zpiﬂi +ZP1 i ZZPMLM P Z yJ +sz Z PN«U Hi = szé +Z Z pzw M -
7 i m=0 i m=0
Using that ). P(j,%) = 1 and since ), p;0; appears on both sides, this expression gets simplified as
follows:
Cifl Cifl
D piti =Y pipniw > wi Y i =Y Y piw] i
i % 7 m=0 i m=0
We move the negative terms to the rhs and we get
c;i—1 Ciq
S i+ wi Y pwti =Y piwl i,
% i m=0 i m=0
We now note that the lhs of the above expression satisfies that:
c;i—1 Cq
> pimi Y wi Y piwi s = szul +y° Z piw s =y Y piw]" i,
i % m=0 i m=1 i m=0

which implies that the desired result follows.

Appendix C. Proof of Lemma 2

e Consider an arbitrary (X,Y). As a; > 0 for all 4, there exists sequence of EP arrivals with positive
probability from (6, 6) to (0,Y’) with Y’ > Y element-wise. Y’ is larger than Y because we will

eventually need some EP to move the fresh DP to their destination and finally reach any state (X,Y).

Now, we have to prove that it is possible to make the DP arrive at any location. We proceed by
induction cell after cell using the label ordering obtained in Lemma 1 in decreasing order. Let I(i) be
the label of cell number i. Let us consider an arbitrary cell j. The DP population one must reach is

X;. We have two cases:

34



— If A\; > 0, we clearly have a sequence of X; arrivals which leads to the destination. And these
arrivals do not need energy. In this case Y/ = Y. Due to the labeling in Lemma 1, these cells

receive the smallest labels.

— If A\; = 0. Let r the cell associated to the root of the tree which contains node j (with label I(3)).
Due to the ordering, all the nodes among the path between r and j have labels k between I(r)
and I(j) (i.e. I(r) <k < I(j). We begin with the arrivals of X; arrivals of fresh data packets at
node r. We now prove by induction on the nodes among the path the following property: at each
step it is possible to make all the data packets progress from a cell (say b) to next cell (say c)
among the path from r to j, and, at the end of the step, the DP queue of cell b is empty. Again

we have two cases,

* If the link between cell b and c is an arc of R, we proceed by X services and routing and we
have enough EP to perform these migrations as Y/ > Y. Thus such actions have a positive
probability.

x If the link between cell b and c is an arc of G, one must perform a load balancing operation
where cell ¢ polls cell b. This is possible because the DP queue of cell ¢ is empty by induction.
Furthermore as the load balancing batch has a geometric distribution, moving a batch of

exactly X; DP has a positive probability.

Thus by induction we have moved X; DP from cell 7 to cell j. The induction relies to label I()

because load balancing operations only occur when the receiving DP queues are empty.

e We now have to exhibit a sequence of transitions between any (X,Y") and (0,0). We use label J() to
schedule the transitions. In the first step, all the queues which do not have enough energy to allow all
the transitions during Step 2, increase their energy level (i.e. the number of EP). As «; > 0 for all 7, all
these events have a positive probability. Then in a second step, we empty all the DP queues. Finally,
during a third step, If the number of EP is too large, at the end of the process, we will consider some

events which make the energy goes to 0 in all the cells.

For the second step, we proceed by induction on the cells in the orders of J() labels to establish that
all DP queues with labels J() smaller than ¢ may be emptied by a sequence of events with positive

probability.

— The smallest (with this label) cells are the sinks. As already mentioned, a DP queue in a sink can
be emptied either due to a routing out of the network (with rate ¢;) or a movement which fails due
to the lack of energy. And the energy is missing here because it has previously leaked. Therefore
we have a sequence of events with a positive probability which leads to empty DP queues in all

the sinks.

— Now consider cell ¢ with label J(7). By construction, cell i is not a sink. Due to the property

of this label, all the DP queues among the path from ¢ to the root of its tree r are decreasing.
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Therefore, by induction their DP queues are empty. To move X; data packets from node i to node
r, we proceed by another induction among the path as in the previous case. At the current step
of this induction, we have X; packets at DP queue b and we have to send them to the next cell
(say c). If the link between cell b and c is an arc of R, we proceed by X; services and routing and
we have enough EP to perform these migrations as Y’ > Y. Thus such actions have a positive
probability. And if the link between cell b and ¢ is an arc of G, we perform a load balancing
operation where cell ¢ polls cell b. This is possible because the DP queue of cell ¢ is empty by
induction. Again, the load balancing batch has a geometric distribution, thus moving a batch of
exactly X; DP has a positive probability. At the end of this sequence of events, X; have have
reached the sink associated with node 7. And due to the properties of the cell they can leave the

network.

Let us now describe the third step which is used to delete the remaining EP. As 3, + ;g >0 there
exist a sequence of transitions which empties all the EP queues. Indeed, either a leak or a failed load
balancing operation lead to a loss of energy packets. Finally we have a sequence of transitions from

-,

(X,Y) to (0,0)

Appendix D. Example of an irreducible network that is not open

We consider a network formed by two cells @ and b. The parameters are set to the following ones:
Ao =1 =200 =2,00 =1,8, =0,08, = 0,006 = 0,0 = 0,0, = 4,0 = 4,%p = 4%, = 0. From
these parameters, we notice that the load balancing takes places to move DPs from b to a. We consider that
Agfg =1 for k = 1. We also note that, for these parameters, the first three conditions of open network are
satisfied, but the last one does not hold for cell b. Therefore, the network is not open and we cannot apply
Lemma 2 .

We now show that the Markov chain associated with this network is irreducible. Indeed, as the arrival
rates are all positive, it is possible to reach any state (X, Y,, Xp,Y;) from the empty state (0,0,0,0). And,
the DP queues may be emptied with departures with rate §; while the EP queues may be emptied by the
polling operations of cell b by cell a which use a positive number of EP on both EP queues. Therefore,
there also exists a sequence of transitions with positive probabilities from any state (X,,Y,, X3,Y}) to state
(0,0,0,0).

Taking into account the zero values of the parameters and that the graph H is a DAG, the flow equations
of the EPs are simplified as follows:

Qg ayp

Wa = , W = )
Ya,b WaYa,b
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whereas the flow equation of the DPs:

- Ao + Va pWaWbPa o Ab — Ya,bWbWaPa
Pa = s Pb = .
5a 61)

We solve numerically this system of equation for the values of the parameters we have defined above and we
obtain that
we =1/2,wp =1/2,pq =1/3,pp = 5/12.

Therefore, the chain is irreducible and the solution of the flow equation exists. As a result, one can apply

Theorem 2 even if Lemma 2 does not hold.

Appendix E. Proof of Theorem 3

We prove that, under the conditions of Definition 3, the assumptions of Brouwer’s theorem hold [22], i.e,
there exists D which is a non empty compact subset of Rﬁ_N such that the flow equation function maps D
onto itself, and as a result, a fixed point exists in D for the flow equations.

Let F(w,p) be the vector of size N whose component i is F;(w, p). Likewise, we define G(w, p) as the
vector of size N whose component i is G;(w, p). First, we remark that as 8; + Zj vi,; > 0 and p; +9; > 0,
the functions F;() and G;() are all continuous on R%¥. We now aim to find D, which is a compact subset of
R2Y with a non empty interior such that (F(D),G(D)) C D. Remember that compact subsets of R2V are
bounded and closed subsets. We first study the constraints on D associated with F;() for all ¢ and then the

ones associated with G;().
e Function Fj:

We first observe that

Q; Q;

<
c;i—1 k—1 k — 3. T
Bi+ 1 S Wit + 5% + 55 g Lotco AN wj(wi) e Bi g i

Fi(wap) =

Now, using condition (HYP1), we conclude that F;(w, p) < 1. Therefore, one can choose the subset [0,

1] for the first N elements of the set D, i.e., for the elements associated with function F; .

e Function G;:

Note that we must establish that functions G;(w, p) are lower and upper bounded due to the substrac-

tion operation in the denominator. Let us consider first the upper bound. We see that

C]‘ .. k k
Ai + Zj Hipiw; P(], Z) + Zj ZkZO(Az(-yj)’yi,jwiwfpi — A;,i)’Yj,inWij)
(3 3
c; .. k
< Ai + Zj HipPiW; P(j,i) + Zj Zkgo AZ(',j)%‘,jPiwiwf

& +
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As w; < 1 for all 7, it results:

A+ Y, s PUA) + 5, T AV, spow A+ 32 ipiP(G,1) + 305 Y gs0 AL i
51‘ + 273 - 6i - i
N+ PG ) + %60 Skso Ary
- 0i + pi
N i PG ) + X5 g
- 0; + i .

s cuipi P(g,1 i pi
e

. Thus, from the above reasoning, we have that G;(w, p) < H;(p)
for all 4. Let us now consider the Jackson network with the parameters given in (HYP3) of Definition 3.

The solution of the flow equation for this Jackson network is:
i =N+ ) vig)— =+ j { .
wip; = ( EJ: Dt Ej:ugpj -

Rearranging both sides of the expression, we get after simplification:

L N P + 30 i
Pi = .
i + 05

As pj <1, and v; ; > 0 for all ¢ and j, we have for all p; < pj < 1:

LAt > PP (1) 4+ 225 i pi
Pi = pi + 6 .

Now, we remark that the functions H;() are all non-decreasing functions. Therefore if p; < p¥, we have
from the above reasoning that:

Gi(w,p) < Hi(p) < p;.

Let us consider now the lower bound. As 0 > w; < 1 for all i, we have:

C]‘ .. k} k:
X+ X 10w P(i) + 05 Y so (AL v jwiwlipr — Ay wiwl o))
k
J A S S0 A0 _ A 20 5iP
o 0i + p 0i + .

Thus if p; < p; < 1, we have

Ai = 305005 Ai— 205

Gi(w,p) >
(.p) 0i + W 0i + L

Therefore due to (HYP2), G;(w, p) > 0, if p; < pf for all i.

Thus we set D = [0, 1] x [0, p;] x [0, p5] x --- x [0, p&], and the assumptions of Brouwer’s theorem

hold.

The proof is complete: a fixed point for the flow equation exists in D.
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